We propose a two-body spherically symmetric (isotropic) potential such that particles interacting by the potential self assemble into linear semiflexible polymeric chains without branching. By suitable control of the potential parameters we can control the persistence length of the polymer, and can even introduce a controlled number of branches. Thus we show how to achieve effective directional interactions starting from spherically symmetric potentials. The self assembled polymers have a exponential distribution of chain lengths akin to what is observed for worm-like micellar systems. On increasing particle density the polymeric chains self-organize to a ordered line-hexagonal phase where every chain is surround by six parallel chains, the transition is first order. On further increase in monomer density, the order is destroyed and we get a branched gel like phase. This potential can be used to model semi-flexible equilibrium polymers with tunable semiflexibility and excluded volume. The use of the potential is computationally cheap and hence, can be used to simulate and probe complex micellar dynamics with long chains. The potential also gives a plausible method of tuning colloidal interactions in experiments such that one can obtain self-assembling polymeric chains made up of colloids and probe polymer dynamics using an optical microscope.
I. INTRODUCTION
The self-assembly of microscopic particles by tuning the interactions between them to obtain well-defined target structures has a well established direction of research in soft matter physics. The more recent focus in this area has evolved to heirarchical self assembly [1] as well as self-assembly with very many different constituent particles which will result in self-assembled structures of much higher complexity [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . A line of investigation has been the self assembly of spherical particles with directional interactions (patchy colloids) and self assembly of particles with anisotropic shapes to obtain a zoo of different target structures and organizations [13] . Another line of studies has been to obtain directed interactions starting out from spherically symmetric interactions between suitably dressed isotropic particles [1, [14] [15] [16] .
In particular, Mossa et.al. and others [15] [16] [17] [18] investigated the self assembly of spherical particles interacting with radially symmetric potentials with a short range attractive part and long range repulsive interactions (modelled by screened Coulomb interactions). On changing the relative contributions (range and strength) of these two parts of the interacting potential, they obtained clusters of particles with different organizations of particles within cluster, e.g., crystalline clusters as well as planar and linear extended aggregates of particles at temperature T = 0 using energy minimization techniques. The organization also depended on the number of particles considered as it affects the average number of neighbours * apratim@iiserpune.ac.in per particle in cluster. The range of attractive interaction was changed by changing the integer value of n in the potential of the form V att = 4 [(σ/r) 2n − (σ/r) n ], following the previous work of Vliegenhart et. al. [19] . Vliegenthart et. al. had various different ranges of the attractive potential of the form V att to investigate the role of the range of attractive minima to obtain liquid phases in the fluid-solid phase diagram.
Our aim is to develop a spherically symmetric model potential such that particles interacting by the potential self-assemble to linear equilibrium polymeric chains which are semiflexible; real life examples of such self assembled polymeric chains is worm-like micelles [20] [21] [22] . There exists quite a few coarse-grained models which describe self-assembling micellar chains [6, [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . Some use suitable rate constants to model joining and breaking of bonds between effective bead-spring monomers where only 2 bonds are allowed per monomer [25] [26] [27] [28] [29] [30] [31] . Other models have effective potentials for self assembly of particles into polymeric chains, where semiflexibility is incorporated by suitable angle dependent potentials [24, 32] . Branching or cluster formation is prevented by suitable choice of parameters of 3-body or 4 body potentials [6, [32] [33] [34] . The use of 3-body or 4-body potentials is cumbersome and computationally expensive, espcially when one wants to model systems of long chains to study interesting phenomenon such as shear banding [35] [36] [37] [38] . A simpler potential with just two-body spherically symmetric interaction potential would greatly help in modelling systems of long self assembled polymer chains, moreover, we would like to avoid branching or introduce branches in a controlled manner.
The spherically symmetric potential that we developed has three parts (i) a repulsive potential at very short distances of the form (σ/r) 24 ) which takes care of excluded volume interactions between self-assembling particles, where r is the distance between 2 particles and σ is the diameter (ii) a short range attractive potential −(σ/r) 12 at distances just beyond σ, and (iii) a screened Coulomb interaction of the form ∼ 1 r e −r/R with a suitable strength * and range of interaction decided by R. We have two kinds of particles, A and B in equal ratios. A-A interactions and B-B are purely repulsive, modelled by screened Coulomb interactions (iii). The interaction between A-B particles is a combination of (i),(ii) and (iii) such that A-B particles can attract each other when distances between the two are just above σ and repel each other at longer distances. The form of the potentials are reminiscent of interaction between colloidal particles and can be used to make colloidal-polymers, even without the use of DNA-linkers [39] . This would open up possiblities to observe complex micellar dynamics e.g. rheochaos or shear banding to direct optical observation. In addition, because of the large size of the particles the dynamics would be much slower and can be tracked using standard optical microscopy techniques.
The rest of the manuscript is as follows. We describe the model potential and computational details in the next section: Methods. Then in the next Results-section we describe the various phases that we obtain as we change the number density of particles and temperature; we also describe how we control the branching properties and persistence length of the self assembled polymers. We conclude with discussions in the fourth and final section.
II. MODEL
To develop an interaction potential between effectivemonomers which self assemble to form a linear polymeric micellar chains, we avoid bead-spring potentials with suitable rate constants for bonds to join and break along the chain. Instead, we focus on developing a suitably modified Lennard Jones (LJ) type potential which encourages assembly of particles at short distances but also with a potential maxima at an appropriate longer distance which should discourage spherical clusters or branching. Moreover, right angles between bond-vectors in a triplet of monomers should be penalized. The monomers we have in mind could also be colloidal particles for which effective interaction can be tuned using changing surface properties or altering the counterion or salt densities around a charged colloid. To that end, we modify the LJ-type interaction by adding a Debye Huckel type screening potential between particles such that the total potential V tot is of the form V tot = [(σ/r) 2n − (σ/r) n + * e −r/R /r] with exponent n = 12, such that the potential looks akin to the potential shown in Fig.1(a) . The n = 12 potential have a sharper minima as compared to the usual LJ (n = 6) potential, so that the peak due to the repulsive term can be shifted to lower values of r just beyond the position of potential minima as shown in Fig.1a . The monomers self-assemble to form polymeric chains, however, contrary to our expectations, a large number of branches get inadvertently formed as the number density of monomers increases.
To prevent branching during the self assembly we introduce 2 kinds of particles, (say) A and B; we maintain the interaction potential between A-A, A-B and B-B to be spherically symmetric. The interaction between a pair of A-B particles are kept to be of the same form as mentioned before, viz.,
where AB = 105 k B T , * AB = 16.81, and R AB = 0.25σ. We model the interaction between similar particles (A-A or B-B) by screened Coulomb purely repulsive potential as given by Eqn. 2
where α = A or α = B; we choose AA = BB and r C = 3σ. The parameter values are AA = 939.33 k B T , R AA = R BB = 0.5σ. This choice of parameters prevents identical particles from coming close to each other (energy at r = 2σ is ≈ 8k B T , refer Fig.2b ), whereas A-B/B-A bound-pairs (effective-bonds) are easily formed due to the existence of the the potential minima in the interaction potential. We define A and B to be bonded if the distance between the particles is < r b = 1.3σ, where r b is the position of the potential maxima. If the A-B distance becomes greater than r b due thermal fluctuations, we define the effective bond to be broken. The A-B pairs in turn join up to form -A-B-A-chains. Right angled A-B-A configurations are discouraged due to strong repulsive energy between like particles at distances √ 2σ (refer Eqn.2) resulting in semiflexible chains. Furthermore, a third A particle cannot bond at right angles to B to form a branch in a existing A-B-A configiuration due to the combined repulsion from the two A particles. In a configuration where A-B-A forms a straight line, if a pair of A-B particles are kept at a fixed distance of r 12 = 1.12σ the potential felt by the third A-particle as a combination of V AA and V AB as a function of distance r (r is measured from the particle B at the center) is given in Fig.1c . As we show later, we can play with the parameters to allow limited amount of branching. particles, where the potential is plotted as a function of r, the distance of the third particle from central B particle. The distance between the first particle and central particle is kept fixed at 1.12σ (refer inset schematic diagram).
The excluded volume distance σ of the (σ/r) 24 − (σ/r) 12 potential sets the unit of length in our simulations, we use σ = 1. All energies are measured in units of the thermal energy k B T (k B T = 1). When we report the chain length distribution at different temperatures T * , we maintain the AA , BB , AB fixed as mentioned above, and specify T * /T . The potential cutoff is at a distance of r C = 3σ. The simulation box size is chosen to be 30×30×50σ 3 or (20σ) 3 , unless otherwise mentioned. For equilibration, we use at least 3 × 10 5 Monte Carlo steps (MCS) for volume fractions less than 0.09, at higher densities one needs longer runs to equilibrate. The statistical quantities are calculated over at least over 5 × 10 4 (at times 10 5 ) independent snapshots (microstates), data to calculate statistical averages is collected every 10 MCS.
The maximum value of the trial step-size is 0.125σ in each of x, y, z directions in a Monte Carlo displacement attempt of each monomer.
III. RESULTS
We perform equilibrium Monte Carlo simulations (Metropolis algorithm) at a fixed temperature T with equal number of A and B monomers in a simulation box with the potential described in the previous section. We have characterized the properties the self-assembled linear polymeric chains as a fucntion of the volume fraction of monomers as we increase the number density. The monomers are primarily found as monomers or bonded A-B pairs at low densities, but we observe that the self-assembled polymers self-organize into line hexagonal phase of longer chains at medium densities. At even higher monomer densities, long range order is destroyed and at very high monomer volume fractions the selfassembled polymers form a gel phase with branching. We can modify the potential suitably to introduce branching at lower number densities, though our primary focus is in obtaining linear polymer chains without branching at medium densities, with which we would like study more interesting problems in future.
In Fig.2 , we show equilibrium snapshots of self assembled stuctures at low, medium and high volume fraction ρ p of particles in a box of volume V box = 20 × 20 × 20σ 3 . Corresponding snapshots for a bigger simulation box, 30×30×50σ
3 are shown in the supplementary section, refer Figs. S1 and S2. The volume fraction φ p calculated as (N πσ 3 )/(6V box ), where N is total number A and B particles. The number of A particles in the box is N/2. For volume fractions of φ p = 0.08, one observes a large number of unassociated monomers, many dimers, as well as chains with 3 or more monomers. There are very few sidebranches emanating out from a linear polymer chain, we have later quantified the number of branches in the system. The chains become significantly longer at φ p = 0.09 and at φ p = 0.091 (at φ p = 0.99 for the bigger box) they span the length of the simulation box and arrange themselves in a line-hexagonal structure, refer Fig.2(b) and (c), respectively. The polymeric chains start developing branches at volume fraction of φ p = 0.12 ( Fig.2d) and become a branched gel at even higher densities. Note that any particle feels a repulsive potential from other particles upto a distance of R c = 3σ, and if we use 2σ as an estimate of the diameter of a soft particle (the repulsive energy of a pair of A-A or A-B particle ∼ k B T at 2σ), then then an estimate of the effective volume fractions become ρ ef f = 0.64, 0.72, 0.76, 0.96, respectively. As for any system of soft particles, the volume fraction ρ or ρ ef f has to be interpreted with care.
This system of particles behaves like a self-assembling system of equilibrium polymers with suitable length distributions. We plot the chain-length distribution in Figure 3(a) , i.e. the number of chains n L with L number of The view direction is parallel to the polymer chains and the orientation direction is into the plane of the paper, we choose this to enable the reader to clearly decipher the line-hexagonal order. Plots of same system as seen from other directions are in Supplementary section (Fig. S3 ).
monomers in a chain normalized for a box size of volume (10σ) 3 . Since both the number of chains and the length of chains keep fluctuating in the simulation box, we choose not to normalize by the total number of chains in box. But since we show data for two different box sizes, we normalize chain length distribution data by using the factor (10σ) 3 /V box ; i.e. n L is the number of chains one would find in a volume of (10σ) 3 . We show the change in the distribution as we vary the volume fraction φ p and the temperature T * (k B = 1). The particles start assembling above a volume fraction φ p ∼ 0.05 and thereafter maintain an exponential distribution of chain lengths with increasing φ p , as expected for a worm-like micellar system. With increasing density the length of the longest chains present in the system also increases as can be confirmed from Fig.3(a) . Data for φ p = 0.09 shows significant finite size effects, as the chains are longer and bigger than half the size of box for (20σ) 3 box.
Figure 3(b) shows that the the chains break into smaller assemblies when the temperature T * is increased but the chain length distribution continues to remain linear in a semi-log plot, as expected for self-assembling equilibrium-polymers. In 3(c), we observe that the average length of chains L gradually increases with φ p , but for φ p > 0.091 it shows a jump for a (20σ) 3 box. For the bigger box size of 30 × 30 × 50σ 3 box, the jump in L moves to a slightly higher value of φ p . This happens because the chain arrange themselves in a line-haxagonal order. Simultaneously, they become long enough to span the simulation box to form ring polymers using the periodic boundary condition (PBC) to minimize energy of a polymer chain due to presence of an end-cap. The formation of ring polymers invoking PBC is clearly an artefact of finite size of the simulation box. Snapshots for the self-assembly of particles at φ p = 0.095 in different box sizes are presented in the supplementary section (Fig. S4 as well as Fig. S1 . From these figures we can conclude that in the thermodynamic limit one can expect the system to form domains of hexagonally ordered chains with different orientation of chains in different domains. An individual long polymer can continue to meander from one domain to the other by suitable bending and looping. It may also possibly form rings (even without invoking PBC). Figure 3(d) shows that the mean length of the self-assembled chains L increases as φ 0.5 p for dilute systems, as predicted by Cates and Candau [23] for worm-like micelles.
To understand the energetics in comparison to thermal energy scales (k B T ) of the self-assembling systems of polymers we note that at very low densities (φ p = 0.03 or ρ ef f = 8φ p ), a pair of bonded A and B monomers gain an average potential energy (PE) per particle of ≈ −2.5k B T (refer Fig.1a for graph of potential and Fig.4(a,b) showing PE for two different box sizes); the dashed line represents potential energy (per particle) contribution from bonded A-B interactions. This is offset by the repulsive interactions between particles (A-A,A-B and B-B) which act at larger distances between the particles, such that the total PE combining all attractive and repulsive contributions is nearly zero. But as the density increases the A−A and B−B repulsion starts to play a more significant role than the attractive A-B bond-energy (≈ −2.5k B T ), the A-A or B-B PE contribution increases and correspondingly the total PE of the system takes increasingly higher positive values, refer Fig. 4a,b . At higher densities, the particles bond to form long polymers (trimers or longer) by using the minima of the potential (refer Fig.1c ). Simultaneously we observe that the contribution of the non-bonded (repulsive) A-B interaction becomes nearly zero, as the value of the total PE of A-B interactions is equal that PE contribution due to bonds between A-B particles. For φ p > 0.09, the monomers form the line-hexagonal phase and moreover, A and B monomers from adjacent chains adjust their relative positions such that they are nearest each other and A-A (or B-B) repulsive interaction energy between monomers of adjacent chains is minimized. This is clearly seen in the representative snapshot shown supplementary section Fig. S6 and can also be confirmed from the pair correlation function g(r) shown in Fig. 4c . Due to this ordering of chains and re-adjustment of the relative positions of A and B monomers from adjacent chains, we see a drop of total PE of A-B interaction [square symbols in Fig.4(a,b) ] near φ p = 0.091 (φ p = 0.099 for bigger box), however, the mean negative energy (dashed line) contribution from intra-chain bonded A − B monomers remains nearly unchanged across this transition. The total PE of the system shows a discontinuity near φ p = 0.093, indicating a first order transition to a orientationally ordered state. The result is robust, the jump in total PE is seen in both the box sizes, only the corresponding φ p value changes slightly as one changes the box size which is likely to be a finite size effect. We calculate the pair correlation function g(r) between monomers, the g(r) data is shown in Figs.4(c,d) . When the monomers form domains of parallel polymers ordered in line-hexagonal phase at φ p = 0.10 for the bigger boxsize, the first peak of g(r) AB between A and B monomers shows up at a distance just beyond 1σ corresponding to the distance between adjacent A and B bonded monomers in a chain. The next peak in g(r) AB at distance just beyond 2σ is due to the arrangment between A and B monomers from adjacent chains, as discussed in the previous paragraph. The third peak just beyond a distance of 3σ is a consequence of the arrangement of monomers belonging to the same chain: the second nearest neighbour A-monomer from a B-monomer along a chain will be at a distance of about 3σ. The g(r) AA , the pair correlation fucntion between A-monomers (equivalently B monomers) shows the first peak at 2σ corresponding to the smallest distance between A-monomers along the contour length of a self-assembled chain. The two A-monomers have a B-monomers in between them.
The next peak corresponds to A-monomers from adjacent chain. The quantity g(r) is the pair correlation function between all monomers without discriminating between A and B monomers, it shows the peaks of both g(r) AA and g(r) AB . The total g(r) shows regular peaks upto half the length of the box, which corresponds to long-range ordering of chains and thereby monomer positions. In contrast g(r) for lower volume fractions (e.g. φ p = 0.09, refer Figs.4(d) shows the first two peaks for g(r) AA and g(r) BB but there is no long range order to be seen. Figures 5(a,b) show the potential energy P E of the system plotted every 100 Monte Carlo steps (MCS) for different values of φ p to enable us to analyze the approach to equilibrium of the self-assembled chains, especially when domains with line-hexagonal phases are formed. For relatively lower values φ p (φ p = 0.09), the system reaches equilibrium within 0.2 × 10 5 MCS for the box size of (20σ) 3 starting from a random initial configuration of monomers and then the energy fluctuates about the average value of energy. But for φ p = 0.093 and φ p = 0.095, the energy first shows a small plateau till around 1 × 10 5 MCS (for small box), and then settles down to a lower mean value of PE after 2 × 10 5 MCS. The mutual repulsion between self-assembled chains arising from the repulsion between A-A and A-B particles (for r > 1.3σ) keeps the polymer chains straight and parallel to each other.
We see similar relaxation behaviour at φ p = 0.099 and φ p = 0.101 for simulations in the bigger box size where there are steps in PE in at 2 × 10 5 and 4 × 10 5 MCS, respectively; longer relaxation times for bigger box sizes are expected. For the runs with φ p = 0.101, snapshots of the configuration before 2 × 10 5 MCS, between 2 × 10 5 and 6×10 5 MCS, and after 6×10 5 MCS are shown in the supplementary section for the bigger box size (Fig. S5) . After the initial transient relaxation (at 0.1 × 10 5 MCS) long self-assembled chains are formed from the monomers till 2 × 10 5 MCS, but after the PE dip at 2 × 10 5 MCS, the polymers spontaneously self-organize themselves into small domains with hexagonal line order. After 6 × 10 5 iterations, the small domains reorganize into much larger domains, and one sees a corresponding second dip in the energy plot of 5(b) for φ p = 0.101. At densities of φ p = 0.1 (or more), the system has not equilibrated within the simulation time scales, but we do not present statiscally averaged quantities for the high density regime. 3 simulation box (normalization reason discussed previously, refer text of Fig. 3 ), though we present data for simulations performed in 30 × 30 × 50σ 3 box, and in (20σ) 3 box sizes. There are very few chains with length L > 3 for φ p < 0.06; however, N L increases with φ p for φ p > 0.06. For φ p > 0.091, the chains straighten and become parallel to each other to form the line-hexagonal phase, and the number of chains drops and remains nearly fixed at the number of parallel chains accommodated in the system. The chain length distribution is no longer exponential, and large fluctuations are seen in the value of N L when chains break. In a square cross section of (10σ) 2 , there are around 7 to 9 chains with area fraction of 8πr 2 /(10σ) 2 = 0.36 considering r = 1.2σ calculated from the second peak of g AB (r) data. Furthermore, L is of the same order as the largest dimension of the box (20σ or 50σ). Hence the numbers for L for φ p > 0.09 can be expected to have strong finite size effects. Fig.6(b) shows that the average number of branches in a particular microstate (snapshot) in the system is very small, compared to the number of chains N L (L > 3) in the system. The number of branches increases as we change φ p from 0.06 to 0.09, but still remains insignificant compared to the number of chains n L (L > 3) in the system. Since the number of branches per chain always has such a very low value, effectively there are no branches in our system for φ p < 0.09. Fig.7(a) for different values of φ p in a semilog plot. We do a exponential fit to calculate the values of the peristence length l p (φ p ) for each φ p , refer Fig.7(b) . The l p (φ p ) (effective persistence length) shows a jump at φ p = 0.09 as the chain get into the linehexagonal ordered state, below that the l p is around 6 bond-lengths. Below φ p < 0.09, the decrease of l p with increasing φ p could be due to the effect of self avoidance of many chains trying to fit with each other in the box. Persistence length l p is a single chain property and should ideally be calculated at low densities of monomers. But at low densities of monomers, longer chains of selfassembling monomers are relatively rare and values of l p around φ p = 0.05 and φ p = 0.065 should be considered reliable. Such a simple model for self-assembled polymers can be used to study a range of properties of worm-like micellar systems only if one can tune l p and branching of the chains. The persistence length l p is a single chain property and should be calculate for dilute systems. To that end, we changed parameters of the repulsive potential V AA (r) = V BB (r). We change either the strength of the repulsive potential ( αα ) between like monomers keeping R AA , R BB constant. Alternatively, we change the range of interactions (R AA and R BB ), keeping αα fixed, refer Fig.8(a,b) . We then investigate the corresponding change in the values of l p and N br on change of the above parameters. As one changes the parameters such that the range of the repulsive potential decreases, the value of the persistence length decreases from the values of ≈ 8.5σ to lower values as seen in Figs.8(c,d ). For these calculations we choose relatively lower values of φ p = 0.05 or φ p = 0.06 for reasons discussed previously. The drop in values of l p occurs because decrease in V AA (and V BB ) potential allows two A particles in a A-B-A configuration to approach each other. Consequently, increasing the repulsion be-tween like-particles will keep A − B − A configuration in straight line and increase l p . Furthermore, there is a corresponding significant increase in branching with decrease in the repulsive potential between like-particles, refer Figs.8(e,f) This is because lowering the repulsion between A − A (or B − B) particles allows a fourth particle (say) A to approach a (say) −A − B − A− configuration by getting closer to (say) B in the triplet. Note that, the increase in l p is nearly the same on decrease of either R αα or αα as the relative decrease in the values of V αα is nearly the same for the range of parameters considered.
IV. CONCLUSIONS
Spherically symmetric potentials with short range attraction and long range repulsion have been suggested and used by previous studies [15] [16] [17] [18] but they obtained linear cluster of particles, or polymers with branches with additional three-body term to incorporate semiflexibility. There are two crucial ideas which led to our success in obtaining linear polymeric chains without branching using same class of potentials. Firstly, we used (1/r) 24 − (1/r) 12 instead of Lennard Jones term which led to a sharper minima of the attractive part of the potential. This enabled us to have a sharp potential peak at rather short distances near r = 1.3σ. In the past we have tried to get a sharp peak at such distances with Lennard Jones potential but without success [6, 40] . Secondly, we used 2 kinds of particles A and B. The repulsion between like particles control the persistence length and reduce the probability of branching. There have been previous studies which have obtained assemblies of particles with linear and other anisotropic morphologies [1] starting out with isotropic potentials, but they have used 4 (or more) different kind of particles. Our proposed model is much simpler. and could be experimentally realizable with spherical charged colloidal particles with tunable attractive potential [41] [42] [43] [44] [45] and screened Coulomb repulsions to form polymeric chains.
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